EVOLVING SYSTEMS

TWO-LEVEL ACTIVE SYSTEMS
I. BASIC CONCEPTS AND DEFINITIONS

V. N. Burkov and V. V. Kondrat'ev - | UDC 65.012.122

A model of a two-level active system is described and the capabilities of the Center for forming
its tunctioning mechanism are analyzed. B

The basic problem in the theory of active systems is the estimation of the effectiveness of the functioning
mechanisms of organization for the purpose of synthesizing the most effective mechanisms (in economic sys-
tems these are planning procedures, motivational mechanisms, competitions, etc.). Investigations in the theory
of active systems have been carried out at the Institute of Control Problems since 1968 [1]. The first papers
were devoted to the evaluation of a number of concrete fumtmnmg mechanisms (the principle of open control (2],
the principle of coordinated control {3-5]), to the stlmuiatmﬁ of rehahle information {6], and to the development
of methods for solving the corresponding optimization pr-:}blems [2, 3, 5-7]. The problem of choosing an opti-
mal control law in active systems was first proposed in 1872 [8, 9] by example of the problem of resource dis-
tribution. The statement of the problem of choosing the Qﬂﬁirﬂl law in active systems in a sufficiently general
form was considered in {10]. The statements of a number of other control problems in active systems were dis-
cussed in (11]) by example of the resource distribution problem. A game-theoretic analysis of the functioning of
active systems by example of a number of models was carried out in [8-12] and elsewhere (the analysis of
Nash-equilibrium situations) and in [4, 5, 13] (the analysis of the guaranteed result principle). A survey of the
results in the theory of active systems upto 1974, inclusive is given in {14] where an exhaustive bibliography is
presented. The present cycle of articles is a generalization and a development of the papers on the investiga-
tion of two-level active systems not containing random parameters (deterministic two-level active systems [5,
8-13, 15]). In the present article we describe a model of a two-level active system and the mechanism of its
functioning. In the remaining papers of the cycle we shall consider a came-theoretic stafement of the control
problem for active systems (AS) and we shall present a series of results.

1. Model of a Two-Level AS

The structure of a two-level AS is formed by a Center (C), by n active elements (AE) subordinate to the
Center, and by variables describing the state of the system. In order to account for the "external" connections
of the system's elements we introduce the structural element "environment." To the environment we refer also
certain "passive" elements of the system (for example, the centralized warehouses). In the deterministic
models we shall assume that both the C as well as the AE know the state of the environment. Figure la shows
an AS consisting of a Center, a centralized warehouse, and two active elements,

For the i-th AE we specify the state vector vi (the realization vector in the economic interpretation), the
‘control vector ¢j, and the sets of their possible values: y;€Y;and ¢;j€Cj, i€I=1ili=1,2,...,n}.

Example 1. In the mathematical-economics literature there are a large number of models of the "expendi-
ture— output" type, in which the element realization vector y; is specified by means of an input realization vec-

tor vllﬁ and an output realization vector 30Ut vi = (ym VOHt) while the sets of possible realizations of the ele

ment is specified in the following way: ylinﬁ Yiin and y?utEY?m(y%n), i.e., we speciiy the set of possible input

realizations and the set of output realizations as a function of the input realizations (see Fig. 1b}.

For the whole AS we specify the collection of realization vectors y —'{yl, €1} (realizations of the AS), the
collection of control vectors ¢ = {cl, 161} (contrels of the AS), and the sets of possible values of these quantities:
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- y€Y and c€C. In the general case Y=Y &N (HY‘) , where Y® are global constraints on the realization y of the

T
n

AS: y€Y5, Analogously, C=C8&n ( C;) . The presence of a purpose in the AS will be associated with the |

Tem

‘presence of the System's target'functic}n W = &(c, y) (for example, the economic utility— income function, the

profit, the expenditures, etc.); the C will be reckoned as the administrative organ and it will be described in
terms of the description of its actions with respect to the control of the AS. We shall also take it that the C's
target function coincides with the AS's target function. Thus, the model of the AS can be represented in the
form: W = &(c, y) is the target function of the AS, where c :{ci, i €1}, y = {yi, €1}

eC, icl, e=fe}ec=cEn([]c). -

iﬂi

yY, isl, y={y)e¥=Y8N (H Y, ) .. o
i=3

2. Description of the Center's Actions with Bespect’:'}*“

to Forming the Functioning Mechanism of the AS

The method of organizing the functioning of the AS's model will be called its functioning mechanism. Let
us describe a number of components of the functioning mechanism of the model of a two-level AS and the capa-
bilities of the C with respect to forming (changing) them.

Control by Means of Introducing Constraints. One of the properties of "activeness" is that the AE has a
freedom of choice of the realization y; from the set Y; of possible realizations. In hierarchical systems the C
can "judge" the set of possible realizations of each system elements by introducing for it a centrally established
set of possible realizations Bj (i€I). The set Bj of the i-th element can depend, {irstly, on the controls c; estab-
lished by the C and, secondly, on the realizations vj» j=1, chosen by the other elements of the system (this is fre-
quently due to the presence of "horizontal connections™ between the system's elements, e.g., reciprocal de~
liveries). First of all we consider the case when the AE are independent in the sense that the set B; of possible
realizations of each AE depends only on the control ¢; and does not depend upon the realizations Yis §7% i, select-
able by the other AE: Bj(cj), i€I. It is obvious that when forming the sets Bj(cj) the C must satisfy the condi-
tion Vej€Ci: Bilep)NYj =¢, i€I. The introduction of sets Bj(c;) by the Center is called control by means of in-

- troducing constraints.

Procedures for Forming the Estimates. As a rule the functioning of hierarchical systems takes place
under conditions of lesser information available to the C on the models of the elements subordinate to it. This
situation is reflected in the theory of AS formally in the following manner. It is assumed that the sets Y;(ry),
Bi(ci, ri), and Y(r), where r = {1"1, iEI}, are given in a parametric form known to the Center. Concerning the
values of the vector-valued parameters rj it is assumed that their dimensions are finite and that C knows. only

~ the set §; of possible values of rj, i.e., rj€Q; (i€I), whereas each AE knows precisely the values of its "own"

d

vector-valued parameter r;. If the knowledge of the parameters r :{ri} only to within the set QmHQ,— is in-

123 |
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adequate for an effective control of the system, then C can organize a procedure for forming estimates s :{Si}
of the parameters. A number of such procedures are described in the Appendix.

Control Law in the AS. This is a procedure for which C determines the AS's control ¢ = {Ci} on the basis
of the information available to it [10]. We shall examine the following structure of the control vectors: cj: ¢j
= (A, X;), where Xxj is the plan vector and the vector A of components is called, as before, the control. The com-
ponents of the control vector A can be common for a part or for all AE (for example, costs). The plan xjis the
desired value, determined by the Center, of all or a part of the components of the realization vector y; :{Yij}
of the i~-th AE. At first we consider the case when the dimensions of vectors yj and x; coincide (completely
plannable realizations) for all AE (i€1). o

A plan x; of the i-th AE is said to be realizable-if there exists arealization y;€Yj(rj) such that yj = x4:
It is obvious that in an AS with completely plannable realizations the set X;(r;) of realizable plans of each AE
coincides with the corresponding set Yi(r;) of possible realizations: X;(r;) =Y;(r;) (i€]). Analogously, for the
set X{(r) of realizable plans of the whole AS: X(r) =Y{(r). |

For simplicity in what follows we shall take it that for eaf:h AE the set B; depends only on the plan x;:
Bi(x;j, rj). The problem statement and the results presented below generalize u ithout difficulty to the case W hen
the sets Bj depends on both the plan x; as well as the control »: Rj(xj, », ri). Concerning the sets Bj(xj, rj) it
is natural to require the fulfillment of the following condition: if };iFX'l(ri}, then XiE Bi(xi, ry), l.e., if plan x; is
realizable, then the set Bj(x;, ri) contains the realization y; = xj.

Suppose that under the definition of plan the control C uses a certain procedure for forming the estimates

= {51} of the parameters r = {r of the models of the AE. It is obviousthats € 2, but in the general case s®r.

The contro!l law in the AS can now be defined as the mapping s ik;x:?‘f(s) = (x(s), 2(s)). A number of AS control
laws are described in the Appendix.

Criterial Control. The presence in the AE of the right to make decisions leads to the appearance in them
of their own targets. This circumstance is reflected in the introduction for each AE of a target function W
= 1 (A, Xi, y{) (for example, as in the case of the C, the economic utility function). The action of the C with re-
spect to forming (changing) the target functions of the AE is called a criterial control [11].

The presence of individual targets in the AE can lead to a situation where the realization y, chosen by the
AE may not coincide with the corresponding plan x;. We. shall assume that the AE is penalized when the plan
and the realization do not coincide. Formally this c:ar; be reﬂected by the following condition on the AE’s tar-
get function: A

il 2 y) <flh g 3)y 3 2y i1, (1)
i.e., for a given realization y; the value of the target function of the i-th AE is maximal if the realization y; was
planned for. An analogous condition holds for the target functmn of the AS:

@ (X, x, y)<i®§}.r; ¥, ¥), if z5FYy. (2)

In practice the possibility of forming the target functions of the elements is connected with the possibility
of forming a payvment system, of introducing penalties and encouragements, of organizing competitions, and of
making awards depending upon the place occupied, etc., which in the economic interpretation corresponds to the
forming of a motivation system. -

Functioning Mechanism of an AS. Thisis saidto be realizable if any set of locally admissible realizations
of the AE satisfies global constraints, i.e., ¥S€§, %;!yiﬁ Bi(xi(s), rj), i€l:v = {yi}é Y8(r). A sufficient condition
for the realizability of an AS’s functioning mechanism is the condition of independence of the system’s elements,
viz.:

vseQ: Y Bi(2i(s), r) <Y (). (3)

Somx {

Indeed, in this case any choice of realizations y;€ B;(xi(s), rj), i€I, vields a realization y€Y(r) of the sys-
tem. We denote the setof plans x satisfyving (3) by Z. Obviously, in a system with independent elements the
planning procedure in the Center must be such that the plans obtained belong to Z: x¢Z. The independence of the
system's elements in the sense indicated, as a rule, simplifies the investigation and utilization of the control in
the system. Examples of systems with independent elements are presented in the Appendix.
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3. Accounting for the Future in AE Effectiveness Criteria

The target function Wi = f;(A, xj, yi) introduced above allows us to formalize the presence of a target in
the case when the AE attempts to optimize its own utility function only in the functioning period being examined,
without accounting for the future consequences of the decisions made "today." This is justified if the decisions
made in a given period of functioning do not affect the future periods of functioning {(more precisely, do not af-
fect the plan xj, the control A, and the set Bj(xj, r;) of possible realizations in the future periods). However, if
such an influence exists, then it is natural to accept that the AE predicts the consequences of the decisions
made (another property of "activeness"). As an example we point to the "planning from achievement" principle
well known in economics, when the production output of an enterprise in a given period influences the plans for
future periods. Under these conditions it may turn out advisable for the enterprises to lower the work effec-
tiveness "today" so as to ensure advantageous work conditions "tomorrow." The method and the extent of ac-
counting for the future for the various elements are determined mainly by the subjective characteristics of the
managers. The function which reflects the subjective target of an AE in a given functioning period with due re-
gard to future periods will be called the effectiveness criterion of the AE, allowing for the future functioning
periods in contrast to the target function f; which determines the economic effect of the AE only in the "current”

period. Thus, as the effectiveness criterion of the AE, taking account in the k-th functioning period of Nj future
periods, we can take

K+N,

we=fonaty+ Y LGy, (4)

ga=h41
The number N; is called the "degree of forésight" of the i~-th AE.

Another form of the reflection of the future can be the presentation of the effectiveness criterion for the

AE as a sum of the element's target function in the current period and of the weighted sum of the element’s tar-
get functions in the succeeding periods:

Wih=ff(}-h- ‘I,-k. y{h) + Z Biq-}(i (;\Eq, Iqu yiQ‘)* o (5)
gk 1 _ -

~ In principle we can admit the case when the summation extends only over N; succeeding periods. The coeffi-

cient &;, called the "discount coefficient" in economic papers, characterizes the degree of foresight of the ele-

ment. It is usually assumed that 0< J;<1. The peculiarity of effectiveness criterion (5) is its sliding nature.

Indeed, Wik = fi(kk, x;K, yiK) + 5iwik+i, i.e., the effectiveness criterion in period k is the sum of the target func-
tion in period k and the weighted effectiveness criterion of the next period.

Other methods for accounting for the future can be proposed [10]. Let us stress only the following impor-
tant detail. The Center does not know the AE's effectivity criterion even if it knows the form of its target func-
tion in an individual functioning period. The difficulties in determining the extent of allowing for the future in
the effectiveness criterion of the elements concerns not only the Center but also the AE themselves, since the
prediction of the consequences of the decisions made is a rather complex problem. Futhermore, the extent of
~allowing for the future in the effectiveness criteria of the AE can change from one functioning period to another.
Therefore, a serious requirement on the control law is the independence {or weak dependence) of the behavior

of an element (the decision-making principle) from (on) the method of taking the future into account in the ele-
ment's effectiveness criterion.

4. (Conclusion

Let there be given a model of an AS and its functioning mechanism. The functioning of such an AS con-

~ sists of separate periods. Each period includes three stages: formation of the estimates, planning, and realiza-
“tion of the plan. At the stage of forming the estimates the C forms the estimate s = {si} of the parameters r

= {ri}. At the planning stage the C determines the control A (s) and the plan x(s) of the AS by the control law 7(s)
and communicates them to the AE. At the realization stage each AE chooses a realization yi€ Bj(xi(s), ry),itI
after which the achieved value of the target functions of the elements and of the center are determined.

Let us enumerate the properties of the "activeness" of the organizational subsystems formalized in the
- description of an active element: |

a) the presence of a purpose and the accounting for the future consequences of the decision made. For-
mally this property is reflected in that in the expression for the effectiveness criterion of the given
period there occurs the target functions of future periods;
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b) a definite freedom of action in communicating information on and realizations of the plans. Indeed,

each element can communicate any estimate s; ir{}m set Q ~and choose any realization y; from the set
B;(x;(s}, ri); |

¢} the knowledge of the structure and of the functioning mechanism of the system.

The AS described is a multicriterion system in which both the Center as well as the elements have the
right to make independent decisions (the C can form or ﬁhg.ﬁgﬁ_?ﬁiéﬁffﬁﬁ{}ti_{}ﬁiﬁg mechanism of the AS). The situa-
tion is of a game (conflict) nature and calls for a game-theoratic approach.

A P PEHB i{}: .

1. Certain Methods of Forming the Estimate g = {5 } f}f the Parametersr = {I' } In an adaptive method the
estimates sad = {s, 3d} are determined by the Center on thﬁ hasis of observations during the past functioning
periods of the AS, fm example, on the basis of some Gp&f&tﬂf.,ﬁik“flfsk" \ 511{*1), i€ 1 (the C looks backwardby
one period) {11]. Here k is the number of the functicm%ﬁg gaermd “Examples of the adaptive method for forming
the estimates are the procedures, very well known in eﬂﬂ&ﬂmms, (}f *‘plannmg from achievement,” "planning
from the mean index after a number of preceding pez'mds, Etﬁ

A counter-method of forming the estimates censigm in ﬁa{:h s:—:*iﬁment informing the Center of the estimate
5;¢€(; of the parameter r; {11]. The counter-method of forming the estimates can be applied, for instance, for
planning in those cases when the individual functioning periods of the system are weakly connected with each
other in the sense oi the continuity of the model. Situations of such kind arise when the planning organ distri-

butes the resources on demands, in the case of piaﬁﬁmg m’&mmzf};f}u research and experimental-designer develop-
ments, when determining the order portiolio of the wmimeﬁm& mmbmes etc.

Combined methods of forming estimates also arﬁqgmgﬁmsf‘m‘ example, a number of parameters can be
estimated by the adaptive method of forming estimates;"""‘%%ilé‘“ﬂaé remaining ones are estimatedby the counter
method, or the vector-valued parameters are estimated a5 4 combination of the estimates obtained by adaptive
and counter methods. Thus, the procedure for the f&rl-‘i"ﬁﬁﬁ of "counter-plan" data is constructed as follows.
The planning organ takes as the base estimates, characterizing the capabilities of the enterprise, the indices
achieved in the past functioning periods. This is aﬁaéayéwﬁmeih&ﬂ for forming the estimates. If, however,
the enterprise proposes to achieve during the plan peried indices exceeding the ones achieved and informs the
planning organ of this, then these indices are taken as estimates of the enterprise’'s model. This is a counter
method. Consequently, under such a procedure the %mi%ﬁéﬁiﬁﬁ 8; are obtained as s; = = max(s;!", s;ad) and are

combined estimates.

2. Certain Control Laws for AS. At the present time the planning problem in an economic system is often
understood as solving some Optimxzatmn problem. The optimal planning principle is constructed as a problem
of maximizing the Center's target function under ihﬁ— tzﬂﬁﬁtr&mts X(s) existing in the system. As a rule the con-
trol A does not enter into the optimization Qroblam,_ Laier i}ﬁ it is implicitly assumed that all components of
the elements’ realization vectors are planned and th&t ﬁm @Iang obtained as a result of solving the problem are
realizable and will be fulfilled, i.e., y = x¢Y(r). %Emi&r @éege camlxtmns the optimal planning principle is ex-
pressed in the form

©(z)+max, s€X(s). (A.1)

A development of the optimal planning praaeéuﬁ%éé the g}?ixit::iple of strict centralization (SC) [9]. When
planning on the SC principle it is already taken into account that the AE have a freedom of choice of their own
realizations. It is assumed that for a given plan x; and {?é}}rﬁ?{ﬁ A each AE chooses a realization {:1 in an optimal
way |
@i (A, zi,r,}mfi(éﬂxﬁgg}w max fi{A, z4, ¥i), el (A.2)

I EFREY

We introduce T(X, x, r}, the set of realizations y :ﬁ{yi rs satisfying these conditions. We denote

¥(kz,r)= min @, z,1). | (A.3)

reT{A,x,r}

The SC principle is formally written in the form of the following optimization problem:

(A, 2 s)emax, | | . (A.4)
zeX(s), hel. | o - | (A.5)
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The set of solutions of this problem defines the set of SC laws. A concrete SC law is obtained in problem
(A.4)-(A.5) is complemented by a procedure for the unique selection of the solution. In a number of papers [9,
16, 17] by simple examples it is shown that the Center's application of the SC principle can lead to uncertainty

in the information communicated to the AE and, as a consequence, to a lower effectiveness of functioning of the
AS.

The Open Control (OC) Principle {2]. To problem (A .4)-(A.5) we add on the condition of perfect coordina~ -

tion

Gi (4, Ty, 84) = max @;(A, s, s:), i€l (A.6)
rye Xi(s¢)

Conditions (A.6) reflect the requirements of "utility" of the plans prescribed by the Center for the AE
under estimates s = {s;}. The set of optimal solutions of problem (A.4)-(A.6) defines the set of OC laws. A con-
crete OC law is obtained if a rule for the unique selection of the solution is defined. The estimate ¢;(*, x;, s)
of the target function ¢;(*, X;, rj) is called the preference function of the AE. An analysis of the OC principle
for a number of problems [9~11,13] showed thatas a rulethe OClaws stimulate the communication of reliable in-
formation. However, the system's functioning effectiveness can be lower if the target functions of the AE are
"poorly coordinated" with the target function of the system.

As a generalization of the OC principle Burkov and Ivanovskii [3-5] formulated the principle of coordinated

control (CC), which is defined as solution of problem (A.4)-(A.5) with additional "coordination conditions™
Wi (A, x4, sf)-—-—-ziia:icm‘lf,-(?,,z;,sg), el (A7)

where ¥;(Aj, X;, sj) is the preference function of the i~th AE. Having determined the concrete form of the pref-
erence function and the rule for a unique selection of the solution (in case it is nonunique), the C obtains a cer-
tain CC law. We remark that when ¥; = @i s i€1, we obtain an OC law, while if ¥; does not depend on x;, i € I, we
obtain a SC law. A number of variants of the coordination conditions have been suggested: the conditions of ¢
coordination [3], the conditions of guaranteed coordination {5}, the coordination conditions ensuring a minimal
reasonableness of the CC laws [11]. Meaningfully, the problem of determining the plan x(s) and the control A(s)
in CC laws is the problem of determining the best plan from the point of view of the system as a whole, under

the condition that this plan coordinates with the interests of the subsystems, i.e., is 2 problem of optimal coor-
dinated planning."”

3. Criterial Control. We have already examined criterial control above by means of introducing penalties
if the AE's realization deviates from the plan. We consider another criterial control method by means of in-
troducing penalties for distortion of information.

If yi€ Bj(xi, sj), then, obviously, the estimate s; # rj. In this case the C can apply a system of penalties for
the deviation of the estimate from the reliable one. The complexity here is that the C must determine some
estimate 6; which is taken as being reliable. Obviously, the estimate 6, must satisfy the condition: yj€ Bj(x;, si).
In the simplest case the estimate 8; is communicated by the AE themselves together with the realization y,.
The case of severe penalties for the uncertainty of the data is defined by the condition sjj=r;Vj, which is equiv-
alent to the constraint yi€ B;(xj, s;) on the set of possible realizations. The introduction of penalties for infor-
mation distortion was analyzed in [9, 11] by example of a resource distribution problem and in [13] in a general
model of an AS. We present two examples of systems with independent elements.

Example 1 (resource distribution). Let us consider an AS consisting of a C, n enterprises, and a cen-
tralized warehouse of raw-material resources of m types. By Rj we denote the amount of resources of type ]
at the warehouse in the functioning period being examined. The processing of the resources at enterprise i
yields a specific effect y;0ul (a scalar). By V;(y{in, rj) we denote the maximal effect which can be obtained at
enterprise i under the existing technology of production. Here r; = {rij}. The parameters I characterize the
maximal effectiveness of processing a recourse of j-th type by the i~-th enterprise.

| The real effect v;°U! may be less than V;(y;iB, r;) for reasons of poor organization of labor, of small
personal interest on the part of the enterprise’'s manager in developing all the production reserves, etec. Thus,
the set Yi(r;) of possible realizations of the i-th enterprise is described by the inequalities

Ny

in out ;
0y, <o, j=1,2,...,m; 0<y; <V rn).

The set Y(r) of realizations of the AS is determined by the local constraints on the set Yi(rj), i€, of pos-

sible realizations of each enterprise and by the global constraints reflecting the limited amount of the exogenous
resource in the AS:
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ZyijuﬁRir j=1,2,....,m

taxi

In order to achieve the independence of the enterprises it is necessary to restrict the set of their admis-
sible realizations. Let the components of the plan xin = f}.liﬁ, i €1} correspond to the resource distribution over
the enterprises planned by the C. We accept that the enterprises use all the resources distributed to them,i.e.,
yiin = x;in, i€1. As a matter of fact, by introducing this condition, we give a constraint on the set Bi(xj, rj) of

possible realizations under plan x; of the form:
ydBe=z;in OQy?“tﬁV (34 r4).

It is easy to see that for sets B;(xj, rj), i€l, specified thus, any plan X = {Xi} satisfying the constraints
2 rit< Ry, j=1,2,...,m, (A.8)
toms

belongs to the set Z in (A.7). In this case the AS is, by the same token, a system with independent elements.
We remark that a change in sets Bi(x{, r;) also changes C‘{}ﬁiﬁhﬂn (A.8). For example, suppose that the C gives
the enterprises the right to overconsume each type of I‘ES{}ﬁI‘CE up to 10% of the planned amounts. In this case
the sets Bi(xi, ri) will be defined by the conditions

ring yid? < — - L eyt
i] yit < —zy;ln }mig&__w_--;____;_ O y¢

10 QV{(H f‘;), iE!}

while the condition ensuring the membership of any planx = {};i} to set Z is written as

: 10 - ’
Vet <R =t (A.9)

When distributing resources the C must allow for constraint (A.9). However, if the C in this case takes
into account the "natural” constraints (A.8), then for :gﬁiﬁ= R; and for the choice yiin = (11/-‘10)xiin, i€], the

corresponding realizationy ¢ Y(r). Consequently, now the AS v&ill not be a system with independent elements.

Example 2 (severe penalties). A system with severe penalties is characterized by an abrupt decrease
in the value of the AE's target function when the realization deviates from the plan. In other words, the punish-
ment for deviation from the plan is so harsh that a reasonable behavior of the AE is an unconditional fulfillment
of the plan assignments, i.e., Vi:y; = Xj. The well-posedness of such a definition of a system with severe penal-
ties requires the realizability of plan x, i.e., x€Y{r). Here, obviously, the AS is a system with independent ele-
ments.
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